Abstract -New exactly solvable time-dependent quantum models are obtained with the help of the supersymmetric extension of the nonstationary Schrödinger equation.
INTRODUCTION
An essential ingredient of the conventional supersymmetric quantum mechanics (for reviews see [1] ) is the well known Darboux transformation [2] for the stationary Schrödinger equation. This transformation permits us to construct new exactly solvable stationary potentials from known ones. Similar constructions may be developed for the time-dependent Schrödinger equation [3] .
Our approach to Darboux transformation is based on a general notion of transformation operator introduced by Delsart [4] . In terms of this notion Darboux [2] studied differential first order transformation operators for the Sturm-Liouville problem. This is the reason in our opinion to call every differential transformation operator Darboux transformation operator. Different approach to Darboux transformation is exposed in the book [5] . It is worthwhile mentioning that our approach in contrast to that of Ref. [5] leads to real potential differences. This property is crucial for constructing the supersymmetric extension of the nonstationary Schrödinger equation.
FORMALISM
In this section we review briefly the basic constructions leading to the supersymmetry of the nonstationary Schrödinger equation established in Ref. [3] .
Consider two time-dependent Schrödinger equations
We assume the potential V 0 (x, t) and the solutions of Eq. (1), called the initial Schrödinger equation, to be known. By definition transformation operator denoted by L transforms solutions ψ(x, t) into solutions ϕ(x, t) = Lψ(x, t). It is obvious that this condition is fulfilled if L participates in the following intertwining relation:
In the simplest case of a first order differential operator L this equation can readily be solved with respect to operator L and potential
Note that the operator L and the new potential V 1 (x, t) are completely defined by a function u(x, t) called the transformation function. This function is a particular solution to the initial Schrödinger equation (1) subject to the condition (log u/u) xxx = 0 called the reality condition of the new potential. 
which commute with the Schrödinger super-operator iI∂ t − H, where H = diag{h 0 , h 1 } is the time-dependent super-Hamiltonian and I is the unit 2 × 2 matrix. In general, the super-Hamiltonian is not integral of motion for the quantum system guided by the matrix Schrödinger equation
Two-component function Ψ (x, t) belongs to the linear space defined over complex number field and spanned by the basis Ψ + = ψe + , Ψ − = Lψe − where e + = (1, 0)
T and e − = (0, 1) T . The sign "T" stands for the transposition. The operators (3) are integrals of motion for Eq. (4). Using the symmetry operators L + L and LL + we may construct other integral of motion for this equa-
The operators Q, Q + and S realize the well-known superalgebra sl(1/1)
where instead of the Hamiltonian we see other symmetry operator. In general, the operators S, Q, and Q + depend on time and consequently we have obtained the time-dependent superalgebra.
HARMONIC OSCILLATOR WITH A TIME-VARYING FREQUENCY
Consider the Hamiltonian
Variety of potentials we may obtain by the technique described above depends on variety of solutions of the initial Schrödinger equation suitable for use as transformation functions. A wide class of solutions may be found with the help of R-separation of variables method [6] based on the orbits structure of the symmetry algebra with respect to the adjoint representation of corresponding group symmetry. Symmetry algebra of the Schrödinger equation with Hamiltonian (5) is well-known Schrödinger algebra G 2 [6] . The following representation of this algebra is suitable for our purpose
where ε = ε(t) is a (complex) solution to the classical equation of motion for the oscillatorε(t) + 4ω 2 (t)ε(t) = 0. Five orbits are known for this algebra which give four nonequivalent solutions to the Schrödinger equation in R-separated variables with respect to transformations from the Schrödinger group. Below is a summary of all suitable transformation functions and corresponding potentials. 1). Two orbits with the representatives J 1 = K 1 and J 1 = K 2 :
2). The orbit with representative J 2 = K 2 − K 1 :
where γ = ε +ε, iδ = ε −ε, λ is a separation constant, and Q(z) is an Airy function defined by the equation: Q ′′ (z) = zQ(z). An exactly solvable potential is expressed in this case through the Airy function Ai(z). It is an easy exercise to show that a regular on full real axis potential may be obtained with the help of the second order Darboux transformation operator with transformation functions ψ λ and ψ λ .
3). The orbit with the representative J 3 = K 2 − K −2 gives several classes of potentials. First, we may choose solutions which form a discrete basis in the Hilbert space of states [7] as transformation functions
where He n (z) = 2 −n/2 H n (z/ √ 2) are the Hermite polynomials. The second order Darboux transformation with transformation functions u n and u n+1 produces potentials
Second, we may use a general solution to the quantization equation for the operator J 3 u(x, t) = ε −1/2 exp 2iγ + 1 16γ
This leads to potentials which in the case of ω(t) = const reduce to the well-known isospectral potentials.
Other cases are similar to these described in [3] for the free particle Schrödinger equation so that be omitted here.
TIME DEPENDENT SINGULAR OSCILLATOR
Consider now the following Hamiltonian:
Symmetry algebra of the Schrödinger equation with this Hamiltonian is su(1.1) ∼ sl(2, R). We use the following representation for this algebra:
Consider solutions of the Schrödinger equation which are eigenstates of K 0 : K 0 ϕ λ (x, t) = λϕ λ (x, t). When λ = n+k, n = 0, 1, 2, . . . we have a discrete basis of the Hilbert space
To construct spontaneously broken supersymmetric model we need transformation functions u(x, t) such that neither u(x, t) nor u −1 (x, t) are not from the Hilbert space and u(x, t) is nodeless for all real values of t and x > 0. These conditions a re fulfilled for the functions
These transformation functions create the following exactly solvable family of po-
To construct a model with exact supersymmetry we need transformation functions u(x, t) such that u −1 (x, t) is square integrable on semiaxis x ≥ 0 and satisfies the zero boundary condition at the origin for all values of t. The following solution of the Schrödinger equation may be chosen in this case: .
CONCLUSION
The supersymmetry of the time-dependent Schrödinger equation based on the nonstationary Darboux transformation is very useful to obtain a wide class of exactly solvable nonstationary quantum models. With the help of the Darboux transformation operator we may obtain solutions for transformed equations. In particular, if we know the coherent states for the initial system then by applying to them the Darboux transformation operator we obtain coherent states for transformed quantum system [8] . The coherent states are known [7] for the systems considered here. Next step is to obtain and investigate coherent states for the transformed systems. Corresponding results will be presented elsewhere.
